A polemic arose recently about the applicability of the t-expansion method to the calculation of the ground state energy E 0 of the Rabi model. For specific choices of the trial function and very large number of involved connected moments, the t-expansion results are rather poor and exhibit considerable oscillations. In this letter, we formulate the t-expansion method for trial functions containing two free parameters which capture two exactly solvable limits of the Rabi Hamiltonian. At each order of the t-series, E 0 is assumed to be stationary with respect to the free parameters. A high accuracy of E 0 estimates is achieved for small numbers (5 or 6) of involved connected moments, the relative error being smaller than 10 −4 (0.01%) within the whole parameter space of the Rabi Hamiltonian. A special symmetrization of the trial function enables us to calculate also the first excited energy E 1 , with the relative error smaller than 10 −2 (1%).
t-expansion:
The t-expansion technique, originated by Horn and Weinstein [3] , is a "series extension" of the variational method. It is based on the following theorem. For any trial function |ψ , which has a non-zero overlap with the exact ground state of a HamiltonianĤ, the function monotonously decays in t, approaching the ground-state energy E 0 at asymptotically large t: lim t→∞ E(t) = E 0 . The coefficients of the small-t expansion {I m } are known as the connected moments. They can be expressed recursively in terms of the standard moments µ m = ψ|Ĥ m |ψ as
for m ≥ 2 and I 1 = µ 1 . The t = 0 estimate E(0) = I 1 is the variational value, representing a rigorous upper bound for the ground state energy. Usually only a limited number of connected moments can be evaluated. Since we are interested in the t → ∞ behavior of E(t), one needs some extrapolation from the small-t series to large t. From among various schemes [4, 5, 6, 7] we choose the following ones. The widely used Connected moments expansion (CMX) [4] considers E(t) to be a sum of exponentials. The estimate of E 0 , available only for odd number of connected moments m = 2k + 1 (k = 0, 1, . . .), is given by
where the vector X k = (I 2 , ..., I k+1 ) and the matrix T k has elements (T k ) ij = I i+j+1 , (i, j = 1, . . . , k).
In particular, we have E
(1)
The second scheme, known in the literature [8, 9, 10] as the Canonical sequence method (CSM) [6] , corresponds to a polynomial "deformation" of one exponential. The method is formulated in the inverse format, using the function t(E) instead of E(t); the series expansion of t(E) around E = I 1 is deducible from (1) [5] . The estimate of the ground state energy, which involves m connected moments (m may be even or odd), reads as in CMX, E (4)
Rabi Hamiltonian: The Rabi model [12] describes the interaction between a bosonic mode with energy ω ≥ 0 and a two-level atom with the gap ω 0 . Its Hamiltonian iŝ
where g is the interaction constant, σ z , σ ± are the Pauli matrices, b † and b are boson creation and annihilation operators, respectively.
There exist two exactly solvable cases of the Rabi Hamiltonian. For g = 0 the system decouples and the ground-state wavefunction is the tensor product
as the atom stays at the bottom level and the boson is in his lowest mode as well. The energy of this state is E 0 = −ω 0 /2. The other case is ω 0 = 0, when the two atomic levels merge to a degenerate one [13] . The exact (two-fold degenerate) ground state |ψ(x, y) = 1
is the product of the eigenfunction of (σ
x and the coherent boson state
One ground state is specified by the parameters {x = 2g/ω, y = −1}, the conjugate one by the oppositely signed {x = −2g/ω, y = 1}. The ground state energy is
The (trial) function (7) is intentionally written so that both x and y can serve as variational parameters for an arbitrary ω 0 = 0, as was done in the standard variational method [13, 14] . The optimized values of the parameters x opt and y opt are determined by minimizing E (1) 0 (x, y) = I 1 (x, y):
The interpolation between the two exact solutions, {x = 0, y = 0} at g = 0 (6) and the branch {x = 2g/ω, y = −1} at ω 0 = 0, is provided by the unique solution {x opt , y opt } with components restricted to the intervals
Bishop et al. [13] pointed out a conserved parity of the Rabi Hamiltonian, associated with the sign reversal transformation {x, y} → {−x, −y}. The trial function (7), which does not possess this symmetry, will be referred to as non-symmetrized. Two symmetrized versions of (7) were proposed:
where the normalization constants are c ± (x, y) = 1
(p) and (n) stand for the positive and negative parity, respectively. It can be shown that |ψ (p) (x, y) and |ψ (n) (x, y) are orthogonal to one another. Within the variational approach [13] , |ψ (p) (x, y) implies the ground state energy E 0 of parity (p) The application of the (n)-symmetrized trial function |ψ (n) (x, y) projects the ground state away and, consequently, implies the first excited energy E 1 of parity (n).
To calculate moments of the Rabi Hamiltonian with an arbitrary one of the three trial functions |ψ(x, y) or |ψ (p,n) (x, y) , we apply the commutator bb † = 1 + b † b and the useful formula
(k, l = 0, 1, 2, . . .) valid for each of four possibilities x 1 = ±x, x 2 = ±x. The moments with the non-symmetrized trial function µ m = ψ(x, y)|Ĥ m |ψ(x, y) are found to be
etc. The moments with the (p) and (n) symmetrized trial functions are obtained in the form
etc. We calculated the moments µ m and µ
Motivation: The eigenstate of the Rabi Hamiltonian with g = 0 (6) was used as a trial function for the t-expansion in Ref. [1] . For the CMX extrapolation with 5 connected moments, the numerical results for E 0 are satisfactory only in the region of small g. Amore et al. [2] used the CMX scheme with up to 99 connected moments, without a real improvement of the previous results for intermediate and large values of g; in some regions of model's parameters, they even encounter numerical instabilities (considerable oscillations) of the results. The authors conclude that the method is not reliable for practical purposes.
The method: Our idea is to use the CMX and CSM versions of the t-expansion method with the Rabi variational trial functions, the nonsymmetrized |ψ(x, y) (7) and the (p), (n) symmetrized |ψ (p,n) (x, y) (11). Using the t-expansion
which depends on free parameters {x, y}. In the lowest (variational) order m = 1, the optimized values of {x (1) opt , y (1) opt } ≡ {x opt , y opt } are determined by the stationarity conditions (9) 
This equation determines {x opt (ω 0 , ω, g), which is continuous in Rabi's parameters and simultaneously lies close to the variational solution; this will be our physical solution. All other non-physical solutions, forming disconnected "blind arms", are ignored; details for specific cases will be given bellow.
Numerical results: We apply both CMX method (3) in m = 1, 3, 5 orders and CSM method (4) in m = 1, 3, 4, 5, 6 orders. The difference between the CMX and CSM results turns out to be very small. In overwhelming number of cases, the results are slightly above the best ("exact") estimates obtained by the straightforward diagonalization of the Hamiltonian matrix in an appropriate basis set [2, 13] . In the Rabi Hamiltonian, one parameter can be fixed as it merely sets the energy scale; we prefer to set ω 0 = 1. Then we choose some ω and gradually change g in the whole interval [0, ∞]. Estimates of E First we present the results for the nonsymmetrized trial function |ψ(x, y) (7). For any {ω 0 , ω, g}, the variational E (1) 0 possesses just one minimum at {x opt , y opt } lying in the interval (10) . Each of the functions x opt (g) and y opt (g) is continuous. The plot of x opt (g) is represented in Fig. 1 by the solid curve [the picture is similar for y opt (g)]. For 16g 2 ≤ ω 0 ω, the solution of Eq. (16) giving the minimum of E (1) 0 is trivial: {x opt , y opt } = {0, 0}. This is why the curve x opt (g) lies on the g axis up to g = 1/4. If g > 1/4, the solution becomes nontrivial and approaches the asymptotic x opt = 2g/ω (dashed line) for large g. Although this curve is continuous, it is non-analytic at the point g = 1/4. Going to E (m) 0 with m ≥ 3, the number of minimum solutions to Eq. (16) can be larger than one in certain intervals of g. The minima curves can break at some points (beyond which there are no minimum solutions) or split into several curves. None of them goes continuously from small to large values of g.
Nevertheless, the curves denoted by open diamonds and circles in Fig. 1 can be used for small-g and large-g cases, respectively, to obtain satisfactory results. For small g, the trivial minimum {0, 0} can be directly inserted into all expressions. The ω
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For g ≪ ω 0 , this formula is consistent with the exact result with the relative error |E . The large-g results, illustrated in the first window of Table 1 , are even more precise. We present the variational result E (1) 0 , the CSM E (6) 0 and the numerically exact result [2] . The values of {x opt , y opt } and {x (6) opt , y (6) opt } are very close to the asymptotic result {2g/ω, −1}. For example, for ω 0 = ω = 1 and g = 5, the minimum of E First we discuss the results for small-g. Bishop et al. [13] showed that for g ≪ ω 0 the coordinates of minima for the variational E 
Inserting these values into E
(1,p) 0 and expanding in small g up to the g 2 term we reproduce Eq. (17), derived from the non-symmetrized E because the corresponding x is large, but also in the region of small g. For Rabi's parameters ω 0 = ω = g = 1, a quick convergence of the results for the ground state energy E (m,p) 0 to the exact value as m increases is shown in Fig. 3 . The CMX data are represented by full circles, the CSM data by open circles; note that the CMX and CSM results are very close to each other. The (numerically) exact value [13] is represented by the dashed line. The improvement of the variational m = 1 result is remarkable already for m = 3. As m increases, the convergence of the data to the exact value is excellent.
Our procedure enabled us to calculate very quickly the CSM ground state energies E To document an extraordinary accuracy of the obtained results, in Fig. 5 we present the relative error of the CSM estimates of the ground state energy E 
